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The present investigation deals with the developflU!nl of low-order represeniations of
transitional free convection in a vertical channel with discrete heaters. The governing
equations are sowed using a spectral element method. Proper orlhogollll1 decomposuion
(POD) is applied to extract the most energetic eigenfunctions (and lhe related spatWlemporaJ
structures) from time-dependen: numerical solutions of the full model equations at a
Groshof number higher than the critical value. Using the computed eigenfunctions in a
truncated series expansion, reconstruction of Ihe original flow and temperature fields is
aehieved in an optimal way. It is found that almost aUthe flow and temperature fluctuation
energy is captured by the first six eigenmodes. A low-dimensional set of nonlinear ordinary
differential equations tha: describes the dynamics of lhe flow and temperature fields is also
derived. It is found that low-order models based on retaining at least four eigenmodes for
eaeh field predict stable, self-sustained oscillations with correct amplitude and frequency.

INTRODUCTION

Low-dimensional modeling of convective flows is highly desired, since direct
numerical simulations of transitional and turbulent' convective flows require
tremendous amounts of computational time and power. By obtaining accurate,
low-order approximations to the full model (continuity, Navier-Stokes, and energy
equations), a parametric study of such flows can be easily performed. In addition,
low-order models are crucial in stability and bifurcation analyses, since it is
practically impossible to perform these tasks directly on the full model for complex
configurations. In this article, we apply the proper orthogonal decomposition
(PO D) method, first discussed by Lumley [1] in the context of turbulent isothermal
flows, to transitional buoyancy-induced flows. This decomposition leads naturally to
low-dimensional representations and systematically identifies coherent structures.
Identification of the most energetic eigenmodes enables us to compress the data by
retaining a small number of such modes that capture most of the flow energy. In
mathematical terms, POD is a way of representing fluctuating fields by orthonormal sets of deterministic functions or modes.
Berkooz et aI. [2] review the important aspects in applying POD to the
analysis of turbulent flows. Sirovich [3] proposed the method of snapshots as an
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p
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Pr

q"

,

Ra

"T
u,u
V,V

V,V

expansion coefficients for velocity
heat source dimensionless length
aspect ratio of the computational
domain
expansioncoefficients for temperature
gravitational acceleration
Grashof number
computational domain height
thermal conductivity of the fluid
channel width
heat source length
pressure
nondimensional pressure
Prandtl number
dissipated heat flux
Rayleigh number
time
nondimensionaltime

V
x,y
X,Y

o

f3

e

e
e:
v
p

4>u' 4>u

velocity vector
Cartesian coordinates
nondimensionalCartesiancoordinates
thermal diffusivity
thermal expansion coefficient
nondimensionaltemperature
dimensionless time-averaged
temperature
dimensionless reference temperature
kinematic viscosity
density
components of the velocity empirical
eigenfunction
temperature empirical eigenfunction

'Subscript
"

reference value

temperature

b

velocity components
nondimensional velocity components
nondimensional time-averaged

Superscript

velocity components

fluctuation quantities

efficient way of extracting empirical eigenfunctions from large data sets and
applied it to the analysis of turbulent thermal convection in closed systems [4].
Deane et al. [5] applied POD to complex geometry flows in the transitional regime.
Sahan et al. [6, 7] also studied transitional flow and heat transfer in a periodically
grooved channel, while Liakopoulos et at. [8] reported low-dimensional descriptions
of buoyancy-induced flow in a differentially heated cavity. Zero Prandtl number
free convection in a vertical channel with discrete heaters is discussed in Ref. [9].
Convective air cooling is an effective mode of heat transfer for many
low-heat-flux applications. Air cooling by natural convection finds many applications in communications switching devices, avionics packages, electronic test equipment, consumer electronics, and low-end computer packages [10]. Many investigations of free convection in enclosures and channels have been performed. For a
review of relevant publications, see Peterson and Ortega [10] and Incropera [11].
Liakopoulos et al. [12] performed numerical investigations of two-dimensional
thermally driven convective flows in cavities and vertical channels for Pr = 0.71
and a wide range of values of GT. In this article we present a low-dimensional
representation of some buoyancy-driven flows discussed by Liakopoulos et at. [12].
In the present study the snapshot version of POD is used to extract the
coherent structures and to obtain a low-order dynamical model of a transitional
flow in a vertical channel. We consider two-dimensional natural convection flow
due to periodically spaced heat sources of uniform heat flux. The heat sources are
flush mounted on the left vertical wall. The right vertical wall is kept isothermal.
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We apply the POD method to data obtained by numerically solving the full
governing equations. Using the computed eigenfunctions, we are able to reconstruct the original flow and temperature fields in an optimal way. It is found that
almost all the flow energy is captured by the first six modes. A low-dimensional set
of nonlinear ordinary differential equations that describes the dynamics of the flow
and temperature fields is also derived. It is found that low-order models based on
retaining at least four eigenmodes for each field result in stable, self-sustained
oscillations with correct amplitude.
MATHEMATICAL FORMULATION AND MODEL REDUCTION
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Full Model

We consider two-dimensional incompressible time-dependent buoyancydriven flow. Neglecting viscous dissipation and energy generation, the governing
partial differential equations for a Boussinesq fluid can be written in dimensionless
form as follows.
Conservation of mass

au
ax

av
aY

-+-=0
X momentum

ap + Pr (a-2u
a2u)
-2 + - -2
ax
ax
ay

(2)

ap
( a2v a2v)
+ Pr Ra e + Pr - -2 + - -2
aY
ax
ay

(3)

au + uau + vau =
at·
ax
aY

-

- -

Y momentum

av
av
av
+ u- + v- =
at·
ax
aY

-

- -

Energy equation
2e

2e)

ae
ae
ae (a + a
-+u-+v-=
at·
ax
aY
ax 2 ay 2

(4)

In the above equations, the dimensionless variables have been defined as follows:
1

(X,Y) = T(X'y)

t·
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(") = - ( T - T)
q" I
b

(9)

In general, lower case letters denote dimensional variables. However, note
that the dimensional temperature is denoted by T and the dimensionless time is
denoted by to. In the above, (x, y) and (u, v) denote the Cartesian coordinates and
velocity components, respectively, p is the pressure relative to the background
hydrostatic distribution, I is the width of the vertical channel (see Figure 1), k is
the thermal conductivity of the fluid, 0' is the thermal diffusivity, I' is the
kinematic viscosity, {3 is the thermal expansion coefficient, g is the gravitational
acceleration, Po is the reference density, T b is the reference temperature, and q"
denotes the uniform input heat flux of the heat sources. In Eqs. (2) and (3),
Pr = v/a denotes the Prandtl number and Ra = GrPr = {3gq"/4/l'ak denotes
the Rayleigh number.
The boundary conditions for the configuration considered in this study
(Figure 1) are
V(X, Y, to) = 0

(10)
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Figure I, (a) Computational domain and boundary conditions.
A e = lell = 2 and A y = hll = 4. (b) Computational mesh: 32
spectral elements each with 9 X 9 collocation points.
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Figure 2. Instantaneous streamlines (Pr = 0.71, Or
22,500, 0~ = 0.226). T is period of oscillation.
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at solid walls,
(11)

V(X,O,t") = V(X,Ay,t")

e
aax
k

=

{0- 1

e = -q"(I Tc - T b) = -e:

on
on

ane
anA

= const

e(X,O,t") = e(X,Ay,t")

(12)

on

anT

(13)
(14)

where A y = hit, ane denotes the uniform heat flux surface, anA denotes the
adiabatic surface, and anT denotes the uniform temperature surface (see Figure
1). Note that periodic boundary conditions are imposed in the y direction, so that
the model is valid far from the channel entrance.
The governing equations, Eqs. (1)-(4), with boundary conditions Eqs.
(10)-(14) are solved using a spectral element method [13]. Spectral element
methods are high-order weighted-residual techniques that are able to represent
relatively complex geometries while retaining the high-resolution properties of the
spectral methods [14]. Implementation of the numerical method is based on a
computer code, Nekton, developed by Patera and his co-workers [15] to simulate
steady and unsteady incompressible fluid flow, heat, and mass transfer. In our
simulations, 32 spectral elements are used. Numerical solutions were obtained for
order of interpolants, N = 4,6,8, 10, and 12 in order to achieve convergence. The
error due to spatial resolution is negligible for N ;;.. 10. Instantaneous streamlines
and isotherms are shown in Figures 2 and 3 for Pr = 0.71, Gr = 22,500, e~ = 0.226,
A e = lell = 2, and A y = hll = 4.
Low-Order Models

In applying the POD methodology, the time-dependent data obtained through
direct numerical simulation are decomposed into time-averaged (D, i/, and 0) and
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t=O
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Figure 3. Instantaneous isotherms (Pr = 0.71, Gr =
22,500, 0~ = 0.226). T is period of oscillation.

time-varying (V', V', and e') parts:
(15)

V(X, Y, t*) = V(X, Y)

+ V'(X, Y, t*)
+ V'(X, Y, t*)

e(X, Y, t*)

+ e'(X, Y, t*)

(17)

V(X, Y, t*)

U(X, Y)

=

@(X,Y)

=

(16)

The time-averaged values are obtained as simple arithmetic means of M
snapshots of the velocity and temperature fields. The empirical eigenfunctions are
constructed by an appropriate superposition of the time-varying parts of the field
variables, i.e.,
M

c/>uk(X, Y)

L AkiU,'(X, Y, tn

=

(18)

i= 1
M

c/>uk(X, Y)

L AkiV;'(X, Y, tn

=

(19)

i= 1

M

!/Jk(X,Y)

L Akje;(X, Y, tn

=

(20)

;=1

where A k are the eigenvectors of the matrix eigenvalue problem
CA =AA

(21)

The matrix C is given by

c.;

1
= -

(

M In

Fmn(X, Y, t*) dfl

(22)

where
Fmn

=

V;,,(X, Y, t*)V~(X, Y, t*)

+ V;,,(X, Y, t*)V~(X, Y, t*)

(23)

for the velocity field, and
Fmn

=

e;,,(X, Y, t*)e~(X, Y, t*)

(24)
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for the temperature field. The resulting eigenfunctions are orthogonal and satisfy
the boundary conditions of the problem. Furthermore, if the flow is incompressible,
the velocity empirical eigenfunctions are divergence free. After normalizing the
eigenfunctions, we expand the time-varying parts of the velocity and temperature
fields in terms of the eigenfunctions, i.e.,
M,

V'(X, Y, to)

L

=

a k ( t ) 4>uk( X , Y)

(25)

a k ( t) 4>vk( X , Y)

(26)

bk(t),!JkCX, Y)

(27)

k=l
M,

V'(X, Y, to)

= L
k-l
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M,

8'(X, Y, to) =

L

k-l

where 4>uk and 4>vk denote the x and y components of the kth velocity eigenfunction, respectively, and !/Jk denotes the kth temperature eigenfunction. In general,
M 1 « M and M 2 « M in order to obtain a low-order model.
Substituting Eqs. (25)-(27) into the governing equations, Eqs. (1)-(4), applying Galerkin's method, and using the orthonormality property of the empirical
eigenfunctions, we obtain a system of nonlinear ordinary differential equations
(ODEs) for the expansion coefficients of the form
da;

M,

dt* = A k

+ Pr B k + Pr Ra c, +

L

M,

Dkia i - Pr

i-I

M2

+ Pr Ra

M1

db,

M1

L s,»,

;=1

(28)

;;;:1 j=l

M,

= n, +

Ekia i

L Fkib i + L L Gkijaiaj
;=1

-dt-*

L

;=1

M,

+

M,

M,

L Lkibi + L L Mkijaibj

;=1

(29)

;=] j=l

The coefficients appearing in the above equations arise from the various
inner products among eigenmodes and/or mean flow and temperature. Equations
(28) and (29) are integrated using a fourth-order Runge-Kutta solver.
RESULTS AND DISCUSSION

We present results for a 12-equation model obtained by retaining the six
most energetic eigenfunctions for each field. As input data, we use 20 snapshots
obtained by solving the full model equations for Or = 22,500, Pr = 0.71, and
8: = 0.226. M = 20 is found to be adequate. Similar results are obtained for
M = 30, 40, and 50.
The normalized eigenvalues of the first eight modes are given in Table 1 for
velocity and temperature. The eigenvalues are ordered from the most energetic to
the least energetic modes. The first two eigenvalues constitute most of the energy
of the system. The eigenvalues occur in pairs of similar magnitude. As found in the
case of flow in a grooved channel [5-7], an exchange of phase between members of
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Table I. Eigenvalues of the eight most energetic modes and their respective
contributions to the total flow and temperature fluctuation "energy"

Mode

Normalized
eigenvalue

Energy, %

Velocity modes
I
2
3
4
5
6
7
8

0.5240
0.4725
0.0019
0.0015
8.06 x 10- 6
4.55 X 10- 6
1.09 X 10- 7
5.00 x 10- 8

52.40
99.64
99.83
99.98
99.99
99.99
99.99
99.99

0.5225
0.4707
0.0035
0.0031
4.84 x 10- 5
3.71 X 10- 5
5.26 X 10- 6
5.23 X 10- 7

52.25
99.32
99.68
99.98
99.99
99.99
99.99
99.99

Temperature modes
I
2
3
4

5
6
7
8

Note that percent energy shows the cumulative energy of the modes.

the pairs is observed. Table 1 reveals that the first two velocity modes show strong
dominance over other modes and capture 99.64% of the kinetic energy of the
velocity fluctuation field. The cumulative contribution from the first four modes
reaches the energy level of 99.98%, and the first six modes capture practically the
total energy of the flow. Similar trends are observed for the temperature modes in
Table 1. The contribution from the first two temperature modes reaches 99.32% of
the total "energy," the first four modes retain 99.98% of the total energy, while the
first six temperature modes represent almost the whole energy. Thus the first six
eigenmodes should be able to capture the structure of the field and its dynamics.
These six modes are used as basis functions in the truncated series expansions,
Eqs. (25)-(27), and they are used to reconstruct the flow and temperature fields.
The first six empirical eigenfunctions for velocity and temperature are shown
in Figures 4 and 5, respectively. The two most energetic modes capture the
large-scale features of the flow, while higher modes contain smaller scale features.
Furthermore, it can be seen that, within the same pair, the spatial structures are
characterized by a phase shift of approximately 7T/2 in the streamwise direction.
This behavior has also been observed in the studies of Deane et al. [5], Sahan et al.
[6, 7], and Gunes et al. [9]. Similar observations can be made for the temperature
eigenmodes shown in Figure 5. The first two eigenfunctions are approximately
phase-shifted versions of each other. The same relation is also true for the
remaining pairs of eigenfunctions,
Figure 6 shows the amplitudes of the eigenmodes [expansion coefficients in
Eqs. (25)-(27)] obtained by direct projection of the input velocity and temperature
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Figure 4. Velocity empirical eigenfunctions (streamlines), Pr =
0.71, Gr = 22,500.

'1'1

Figure 5. Temperature eigenfunctions (isotherms), Pr = 0.71,
Gr = 22,500.
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15

Figure 6. Amplitudes of the six most
energetic modes from direct projection.
(a) Velocity modes. (b) Temperature
modes. Pr = 0.71, Or = 22,500.
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data. Comparisons of expansion coefficients obtained by direct projection of the
full model data on the computed eigenfunctions and by the low-order model are
shown in Figures 7 and 8. Amplitudes ai' a z, b l , and b z are in a very good
agreement. Higher modes show also quite good agreement, but in general, predictions based on the 12-equation model exhibit oscillations of slightly larger amplitude than those calculated by direct projection. It should be noted that similar
results are obtained by using an eight-equation model. Further reduction of the
dimensionality of the system of ODEs leads to models that are incapable of
predicting correctly the dynamical behavior of the flow system.
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CONCLUDING REMARKS

Two-dimensional buoyancy-driven flow in a vertical channel with discrete
heaters has been numerically investigated. A time-dependent solution in the
transitional regime has been analyzed by the method of empirical eigenfunctions
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Figure 7. Amplitudes of the velocity and temperature modes, Pr = 0.71,
Or = 22,500 (dashed line, direct projection (full model); solid line, low-order
model).
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Figure 8. Phase portraits of velocity and temperature mode amplitudes,
Pr = 0.71, Gr = 22,500 (dashed line, direct projection (full model); solid line,
low-order model),

(POD) to reveal the coherent structures of the flow. The eigenfunctions associated
with the largest eigenvalues are the modes that explain the dynamical behavior of
the flow. A set of ordinary differential equations was also obtained for the
time-dependent amplitudes of the eigenfunctions.
It is found that the first six modes of each field capture nearly all the energy.
These modes occur in pairs and are phase shifted. At least four modes are required
to predict stable, self-sustained oscillations in time. Retaining only four modes
reduces the order of the model and facilitates stability and bifurcation studies.
The validity of the 12-equation model is confirmed by comparing full simulation results and reduced model predictions. It is found that the first two mode
amplitudes are in very good agreement. Higher modes are also overall well
predicted. However, the 12-equation model predicts mode amplitudes for the
higher modes that are slightly larger than those obtained by direct projection of the
full model data on the computed eigenfunctions.
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