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Abstract
In this work we present an analysis of temperature and pressure time series obtained by
microcanonical (constant energy) molecular dynamics simulations. Simulations in the solid and
3uid states were performed using a Lennard–Jones potential to describe atomic interactions. Several points of the system density–temperature phase diagram have been investigated for reduced
densities ∗ in the range [0.2–1.4] and reduced temperatures T ∗ in the range [1.5 –2.5]. Power
spectral analysis shows evidence of a two-regime power-law 1=fa behaviour with a large exponent at the high-frequency region and a smaller exponent at low frequencies. Rescaled range
analysis (Hurst test) also reveals a two-regime behaviour. The exponent a depends on the system density and temperature. All time series exhibit essentially the same characteristics for short
times (large frequencies). In contrast, at low frequencies, pressure is characterized by a faster
loss of memory. The relation of the computed time series behaviour to the physical characteristics of the system (such as particle mean square displacement and characteristic times) is
discussed.
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1. Introduction
Molecular dynamics (MD) is a widely used method for simulating materials at the
atomic level. The equations of motion are solved and successive states of the system
in the phase space are generated. During MD simulations several physical quantities of
interest, such as temperature, potential energy, pressure, etc., can be followed in time
giving rise to a number of time series that capture the dynamical characteristics of the
system at the atomic level.
There is considerable interest in examining the underlying dynamical features of
a variety of physical systems, which present similarities with features observed in
well-documented dynamical systems, such as self-organized criticality. In a recent MD
simulation of plastocyanin and surrounding water solvent [1] and in simulations of
metal clusters [2] the occurrence of 1=fa noise was found in the potential energy time
series. Karakasidis and Andreadis [3] studied the instantaneous temperature and pressure time series generated during constant energy MD simulation of a grain boundary of nickel oxide and found that they exhibit 1=fa behaviour. 1=f noise is also
found in other physical systems [4–8] and in econometric time series (see for example
Refs. [9,10]). In general, the occurrence of 1=fa noise is considered as an indication of
system complexity, a = 1 being the most commonly encountered case in the literature
[7,11].
Lennard–Jones (LJ) potential has extensively been used in simulations of 3uids and
solids (see for example Refs. [12–15]). It is a simple model that is easily employed
in MD simulations, permits fast calculations and is used in model calculation of large
systems (see for example Refs. [16,17]). It is also an interaction potential for which
many properties have been studied by MD computer simulation. We employed such a
potential to describe the interaction of a model system in representative 3uid and solid
states. Our aim was to investigate if any frequency/time characteristics of the system
dynamics could be revealed by the use of time-series analysis of microscopic and/or
macroscopic quantities. In fact we performed an analysis of instantaneous temperature,
potential energy and pressure generated by constant energy molecular dynamics simulation as the system (average) temperature and density are varied. The results presented
here correspond to a series of simulations for reduced density ∗ from 0.2 to 1.4 and
reduced temperature T ∗ ranging from 1.5 to 2.5.
Power spectrum analysis reveals that all physical quantities exhibit a two-regime 1=fa
power-law behaviour with small exponents a for low frequencies and larger values for
high frequencies. Rescaled range analysis (Hurst test) also conHrms the presence of a
two-regime behaviour with strong memory eIects at small times (high frequencies) and
weaker memory eIects at large times (low frequencies). Further results on mean square
displacements and characteristic times are found to be in agreement with the results
from the spectral and Hurst analyses. The physical origin of this behaviour is discussed.
The paper is organized as follows: in Section 2 we give a brief description of the
molecular dynamics simulation parameters and computational details. In Section 3 we
present results of the analysis of the obtained time series and attempt the physical
explanation of the system’s dynamical features. Finally the conclusions are presented
in Section 4.
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2. Molecular dynamics simulation and computational details
The Lennard–Jones (12– 6) potential
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;
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rij
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(1)

where rij denotes the distance between atoms i and j is used throughout this work and
the cut-oI distance for the interactions was set to 2:5 . For argon the values of the
L and =kB = 119:8 K, kB being the Boltzmann constant. In
parameters are = 3:408 A
reduced physical quantities Lennard–Jones units are used for which , and m act as
units for energy, length and mass.
The simulated system contains 256 atoms. In order to start the simulation, atoms
are located on an FCC lattice in a cube with edges parallel to the directions x:[100],
y:[010] and z:[001]. The dimensions of the computational cell are such that we match
the simulated reduced density of the system. Periodic boundary conditions were applied
in the three directions x, y, z. Simulations were performed in the microcanonical (NVE)
ensemble. The equations of motion were integrated using Verlet’s algorithm [12], which
is accurate and robust. To start the simulation, atoms are given appropriate velocities
in order to reach the desired temperature conditions. Equilibration runs of 3 × 104 steps
were performed before starting production runs.
We report here on MD simulations at reduced densities ∗ = 0:2– 0.8 (which correspond to 3uid states) and ∗ = 1:2, 1.4 (which correspond to solid states). At each
density the system was simulated at Hve temperatures T ∗ = 1:5, 1.73, 2.0, 2.2, 2.5. All
temperatures correspond to states above the critical point. At each state we performed
ten independent production runs. Each production run was 10−10 s long and all relevant
quantities were saved every 10−14 s. We focus our attention on the analysis of three
time series:
Temperature,
T=

N
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potential energy,
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where, as before, rij stands for the distance between two particles i and j, and ˜i
denotes the velocity of particle i. Further details can be found in Ref. [18].
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3. Results and discussion
The representative time series for the instantaneous temperature and pressure are
presented in Figs. 1(a) – (b), respectively, for a system (average) temperature T ∗ = 1:5
and ∗ = 0:2.
3.1. Power spectra
In this work we calculate the power spectrum P(f) of a time series xj , j =1; 2; : : : ; N
by applying the discrete Fourier transform [19] and setting
P(f) = N A(f)2 ;

(5)

where A(f) denotes the modulus of
A(f) =

N
1  i2fj=N
xj e
:
N

(6)

j=1

In Fig. 2 we present the computed power spectra of the instantaneous temperature
time series at several system states. At each state, the results are averaged over ten
independent production runs performed with diIerent initial conditions. We observe
a two-regime power-law behaviour (1=fa ) in all cases. At high frequencies (small
time intervals) we have a large value of the exponent a and at low frequencies (large
time intervals) we have an exponent which appears to be signiHcantly smaller. The
exponents have been calculated by least-square Hts both for the low-frequency and
the high-frequency range. The least-square Htting was made for frequencies up to 1 ×
1012 Hz for the low-frequency region, and from 5 × 1012 Hz to the highest frequency
for the high-frequency region. For the solid, the high-frequency region begins at 8 ×
1012 Hz. The computed values of the power spectrum exponent a are summarized in
Fig. 3 and their trends are discussed below.

Fig. 1. Time series emanating from MD simulations at system (average) temperature T ∗ = 1:5 and ∗ = 0:2.
(a) instantaneous temperature, (b) instantaneous pressure.
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Fig. 2. Instantaneous temperature power spectra for the 3uid states: (a) ∗ = 0:2, T ∗ = 1:5, (b) ∗ = 0:2,
T ∗ = 2:5, and for the solid states (c) ∗ = 1:4, T ∗ = 1:5, (d) ∗ = 1:4, T ∗ = 2:5.

The low-frequency region exponents decrease as the density of the simulated 3uid
system increases. For the highest density they become comparable to those of the
solid, which take values close to zero. We note here that 1=fa behaviour is indicative
of memory eIects; the higher the exponent the stronger the eIect. The value a = 0
corresponds to white noise i.e., a signal with no memory. The observed decrease in
the value of the exponent a is indicative of the gradual loss of memory i.e., the new
signal values depend less on their previous ones for large time intervals. The exponent
values for the solid states are small and one could say that a white noise behaviour is
approached in these states, i.e., fast loss of memory occurs.
The high-frequency region exponents of the 3uid states, on the other hand,
(Fig. 3(b)) seem to be insensitive to the value of the system density. Given that
temperature depends on the atom velocities, this probably indicates that the dynamics
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Fig. 3. Temperature power-spectrum a exponent as a function of system temperature and system density:
(a) low-frequency domain, (b) high-frequency domain.

at short times is practically the same for all simulated densities of the 3uid. The high
values of the exponent indicate strong memory eIects for short times, i.e., the new
signal values depend strongly on the previous ones. In the case of a solid, the eIect
is stronger and this is indicated by the larger exponents.
System temperature also aIects the values of the power-law exponents. In general,
an increase in system temperature results in smaller exponents i.e., less pronounced
memory eIects. This trend is consistently evident in the high-frequency region but
seems to hold for the low-frequency region too (compare Fig. 3(a) with (b)).
The physical origins of the above-described behaviour are discussed in the following
paragraphs. We must bear in mind that temperature depends on the particle velocities
(Eq. (2)) and thus on the dynamics of the system. In a dense 3uid, atoms are packed
rather closely together, and their motions cannot be as free as they are in a dilute
3uid. In a dilute 3uid atoms move around and during these motions they “collide”
with each other. Such a “collision” leads to deviation of the atom from its straight
path, so that its trajectory Hnally resembles a complicated pattern of broken lines. In
a densely packed 3uid, on the other hand, atoms are so conHned by their neighbours
that they can only vibrate as if inside a “cage”. As soon as the atom moves away from
the centre of the “cage”, “collision” events with its neighbours reverse its velocity
and send it back. These kinds of motions have relatively high frequencies of order
1012 –1013 Hz similar to those of the vibrational motion in a solid. However, the “cage”
is not rigid as it consists of other atoms, which also undergo thermal motions. From
time to time its neighbours move in such a collective way, that they let the central
atom move outside the “cage” and start on a diIusive type of motion which will
lead it away from its initial position. As a result atoms in a dense 3uid are hopping
along a zig-zag-type trajectory consisting of discrete jumps between sites of residence
where the atoms vibrate (before jumping). The hopping frequencies are lower than the
vibrational ones. As a result we have in the case of a 3uid two kinds of frequencies,
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low frequencies related to diIusive motion and higher frequencies related to vibrational
motion. Rahman [20] who performed an early simulation of liquid argon at a given
*
*
liquid state found that the velocity autocorrelation function (VAF =   (0) ·  (t)) and
its power spectrum, F(!), presented characteristics related to these 3uctuations of the
structure of the “cages”. In fact, Rahman found that F(!) had a solid-like part and
a diIusive part due to the particle’s taking advantage of the local 3uctuation in the
conHguration of its neighbours to move in the “easy” direction aIorded to it by the
3uctuations.
In the present work, for all system states studied, a two-regime behaviour is observed
in the case of the temperature time series with an intermediate region of frequencies
(1012 –5 × 1012 Hz). The high-frequency behaviour corresponds to short time dynamics.
At small time intervals the particles move as free particles, and their new positions
depend strongly on their previous ones. The same holds for their velocities and, as
a result, this is re3ected in the instantaneous temperature power spectrum through a
large exponent a. The increase of temperature at a given density results in higher
particle velocities and as a result atoms move faster, “collisions” occur more often
and thus memory is lost faster. This faster loss of memory is re3ected in the temperature and could explain the reduction in the value of the exponent a as the system
temperature rises. On the other hand, the increase of the density (at a given temperature) does not result in any signiHcant modiHcation of the exponents this being indicative that the short time dynamics are practically the same for all 3uid states. This
is further conHrmed by the results on means square displacement, MSD, presented in
Section 3.3.
For low frequencies (large time intervals) in the case of 3uid, the exponent a increases as the density decreases because we have a slower loss of memory due to
the fact that “cages” become less rigid as the 3uid becomes more dilute. In fact as
the system density decreases (at a given temperature) collisions occur less often than
in the case where atoms are more densely packed and thus at large time scales (low
frequencies) there is a slower loss of memory. Temperature depends on the particle
velocities and as a result a decrease in the a exponent of the power spectrum is observed. An increase in temperature (at given density) seems to lead to lower values of
the exponent a since an increase in temperature results in larger velocities and thus a
faster loss of memory.
In the case of the solid, atoms vibrate around their positions and do not diIuse, as
is the case in the 3uid phase. For very short times, atoms are accelerated up to the
largest amplitude of vibration and then their velocities change sign, so their position and
velocities are strongly correlated at short times (high frequencies) but their positions
become uncorrelated rather quickly at large time intervals (small frequencies). The same
behaviour holds for their velocities and this is re3ected in the instantaneous temperature,
which depends on instantaneous atomic velocities. As a result, we have large values of
exponents a in the high-frequency region and small ones in the low-frequency region.
It is of interest to note that in the case of the solid we have characteristic vibration
modes, phonons, which in the case of argon, for the studied system states, have frequencies that lie in the region 2–5 THz. Velocities will have characteristic frequencies
in this interval too, and as a result temperature which depends on the velocities exhibits
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Fig. 4. Instantaneous pressure power spectra for the 3uid states (a) ∗ = 0:2, T ∗ = 1:5, (b) ∗ = 0:2, T ∗ = 2:5,
and for the solid states (c) ∗ = 1:4, T ∗ = 1:5, (d) ∗ = 1:4, T ∗ = 2:5.

a broad “peak” in the power spectrum around that frequency zone (see Figs. 2(c) and
2(d)). This behaviour of the temperature power spectrum seems to be distinctively
diIerent from that of the 3uid where no such broad peak exists around this frequency
interval.
Note that the potential energy power spectrum is identical to that of the kinetic
energy (temperature) within numerical accuracy since in the microcanonical ensemble
the sum of the kinetic energy (temperature) and of the potential energy is constant. For
a thorough discussion of this point see Lebowitz et al. who have shown rigorously that
the variances of the kinetic energy and potential energy are equal in the microcanonical
ensemble [21].
Typical pressure power spectra are presented in Fig. 4. A two-regime power-law
behaviour is again evident with a high slope at the high-frequency region and a
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Fig. 5. Pressure power spectrum a exponent as a function of system temperature and system density
(a) low-frequency domain, (b) high-frequency domain.

low-frequency region with a much smaller slope. The exponents for the two regions are
plotted in Fig. 5. The exponents of the high-frequency region are quite similar to that of
the temperature (and potential energy); however, the exponents for the low-frequency
region are close to zero indicating almost white noise behaviour even for the 3uid states.
We think that this behaviour can be explained by examining Eq. (4). Pressure depends
on temperature (i.e., velocities), and also on products of the form rij (9(rij )=9rij ),
i.e., the product of the distance with the force between two particles i, j. It seems
that at short times (high frequencies) memory eIects are present but they are almost
completely lost at large times (small frequencies) probably due to the presence of this
cross term.
3.2. Rescaled range analysis (Hurst test)
Rescaled range analysis (R=S) also known as Hurst test, [22,23], can be brie3y
described as follows: let us denote by T (i), i = 1; : : : ; N , the elements of a time series
T . For every n, 2 6 n 6 N , we denote by T n the mean value of the Hrst n elements
of the time series T , i.e.,
n
1
T (j) :
(7)
T n =
n
j=1

Then, we compute Xi (n), the accumulated deviation from the mean T n , with
elements
Xi (n) =

i


[T (k) − T n ];

i = 1; 2; : : : ; n :

(8)

k=1

The range of the accumulated deviation from the average level is the diIerence between
the maximum and the minimum cumulative deviations over n periods and is denoted
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by Rn , i.e.,
Rn = max(Xj (n)) − min(Xj (n)) :
16j6n

16j6n

(9)

The function Rn generally increases as a function of n. Let us also denote by Sn the
standard deviation of the Hrst n elements of the time series {T (j)}, i.e.,

 n
1 
[T (k) − T n ]2 :
(10)
Sn = 
n
k=1

In the case of a fractional Brownian motion in the limit of large n,
(Rn =Sn ) ˙ (n)H ;

(11)

with 0 6 H 6 1, the Hurst exponent [23].
The method provides information on the persistent (long-range correlated), antipersistent or pure random character of the time series {T (j) j = 1; 2; : : : ; N }. We can
plot log(Rn =Sn ) vs. log(n) and, in the case of scaling, we can estimate the value of the
Hurst exponent which contains quantitative information. We remind the reader here that
for time series with consecutive values generated by statistically independent processes
with Hnite variances H = 0:5 (uncorrelated or white noise). The case 0:5 ¡ H ¡ 1
corresponds to processes where 3uctuations in subsequent values are positively correlated (persistence), while the case 0 ¡ H ¡ 0:5 corresponds to processes where 3uctuations in subsequent values are negatively correlated (anti-persistence) e.g. large positive
values are followed by large negative values and vice versa.
In Fig. 6 we show the results of the R=S analysis of instantaneous temperature time
series at several system states. At each system state results are averaged over ten
independent production runs performed with diIerent initial conditions. We observe a
two-regime behaviour: a linear-type behaviour for small n (small time intervals) and a
near linear behaviour with a smaller slope for higher n (large time intervals). We can in
fact see that while at small n the linear approximation holds fairly well, at higher n we
have some structures. One would be tempted to try to Ht for selected intervals of n, but
we think (see also Ref. [24]) that information on the global behaviour would be lost.
So for the high n region we calculated the slope taking into account all data points for
log n ¿ 4:5, and for small n the data for log n ¡ 4:5. It is worth noting that log n = 4:5
corresponds approximately to a time interval of about 10−12 s and a frequency of about
1012 Hz which is the upper limit of the low-frequency region (see the power spectra
in Figs. 2 and 4). The corresponding Hurst exponents for both regions (small and
large n) for all simulated states are presented in Fig. 7.
In the 3uid phase we observe that for small n (small time intervals/high frequencies)
the values of H are close to unity indicating strong persistence, i.e., new values follow
the trend of previous ones. This is in accordance with the results for the power spectrum analysis where a high slope a was found. For large n (large time intervals/small
frequencies) the values of H are smaller and they decrease as the system density increases approaching the value of H = 0:5 (white noise) for the highest density studied.
The decrease of H as density increases is in agreement with the results of the power
spectrum analysis.
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Fig. 6. Hurst test results for the temperature time series at various system densities ∗ and temperatures T ∗ .

Fig. 7. Hurst exponents for the temperature time series as a function of system temperature and density.

In the solid phase, for small n (high frequencies) the exponents H exhibit a behaviour similar to that of the 3uid, with values close to unity indicating strong persistence. This is in accordance with the results of spectral analysis which indicated strong
memory eIects. For large n (small frequencies) the exponents H are signiHcantly
smaller (around 0.3– 0.5) indicating antipersistence. This behaviour is in agreement
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Fig. 8. Hurst test results for the pressure time series at various system densities ∗ and temperatures T ∗ .

with the power spectrum results of Section 3.1. R=S analysis results for the potential
energy are identical, within numerical accuracy, to those of the kinetic energy (temperature) (for reasons explained in Section 3.1) and thus Hurst exponents for the potential
energy are not presented.
In Fig. 8 we present representative R=S analysis results for the instantaneous pressure time series. We clearly observe that we again have a two-regime behaviour: a
linear type behaviour for small n (small time intervals) and a linear behaviour with
a smaller slope for higher n (large time intervals). We calculated the slopes and the
corresponding Hurst exponents for both regions and summarized the results for all
simulated states in Fig. 9. We observe that for small n (small time intervals) H is
close to 1.0 indicating strong persistence, i.e., new values follow the trend of previous
ones, which is in agreement with the spectral analysis results. For large n (large time
intervals) H is in general smaller than 0.7 and seems to take values close to 0.5 as
the temperature increases. The reduction in the value of H seems to be faster than for
temperature (and naturally potential energy). This behaviour indicates that memory
is very quickly lost at small frequencies as it was observed in the spectral analysis
presented in Section 3.1.
In the solid phase, the exponent H for small n shows a behaviour similar to that of
the 3uid, in accordance with the result of high-frequency spectral analysis where we
have strong memory eIects. For large n (small frequencies) the exponents are smaller,
around 0.3– 0.5, indicating a very fast loss of memory in agreement with the power
spectrum results.
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Fig. 9. Hurst exponents for the pressure time series as a function of system temperature and density.

3.3. Mean square displacement
Among physical quantities that re3ect the intrinsic dynamics of a system of particles
is the mean square displacement (MSD) which is a correlation function deHned by
N
1 
(r 2 (t) =
[r̃(0) − r̃(t)]2 :
(12)
N
i=1

MSD shows how far a particle can reach from its original position after a given
time t.
We have calculated the MSD for all system densities and temperatures studied in
order to see if the results are in agreement with the Hndings from the time series
analysis and if there is any relation with characteristic times deduced from the power
spectrum analysis presented in Section 3.1. As expected, for the 3uid as the system
density increases MSD decreases since increasing density results in less available space
for atoms to move. In fact for low densities atoms diIuse very easily spending a
short time oscillating at given residence sites while at higher densities atoms are more
conHned and thus they spend more time oscillating around sites of residence before
diIusing. This can be seen in Figs. 10(a) – (b) which show typical trajectories of atoms
of the 3uid for T ∗ = 1:5 at the lowest (∗ = 0:2) and the highest (∗ = 0:8) density.
We can see that at high densities (Fig. 10(b)) atoms are for some time localized at a
given space region while at lower densities (Fig. 10(a)) they are far less localized and
as a result they travel longer distances leading to higher MSD at low densities. This
behaviour also means that at high densities we have a faster loss of memory and this
will hold for the velocities and temperature as we have seen from the power spectrum
and Hurst analysis in the previous sections.
In the solid phase, atoms vibrate around their positions resulting in MSD that
increases parabolically for very short time intervals in a way similar to that of the
3uid and then 3uctuates around a given value that is related to the amplitude of vibration of the atoms. The former behaviour is indicative of strong memory eIects at
short times while the latter is indicative of loss of memory at large times. Recall that
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Fig. 10. Typical trajectories of atoms (projection on x–y plane) at (a) T ∗ = 1:5 and ∗ = 0:2, (b) T ∗ = 1:5
and ∗ = 0:8.

both potential energy which depends directly on positions (Eq. (3)) and temperature
which depends on velocities (Eq. (2)), (i.e., derivatives of the positions) exhibit strong
memory eIects for small times and loss of memory at large times. Thus the MSD
results are in general agreement with the results presented in Section 3.1.
It is of interest to examine the asymptotic behaviour of the MSD for very short times.
For short times we have a parabolic dependence on time, practically the same for all
3uid densities, as it is expected [25]. This is also in agreement with the computed
power spectra where for high frequencies we found that the value of the exponent a is
insensitive to the variation of the system density. An analogous behaviour is observed
for the solid states but the similarity region extends over a smaller time interval which
means that it corresponds to higher frequencies. The reader is reminded here that the
high-frequency power-law behaviour for the solid is observed at higher frequencies
than in the 3uid. It is interesting to note that the maximum time that this behaviour is
observed for the 3uid states is around 2 × 10−13 s which corresponds to a frequency
of about 5 × 1012 Hz which, in turn, is the lower limit of the high-frequency zone
in the power spectra (Figs. 2(a) and (b) and 4(a) and (b)). For the solid, as the
corresponding maximum time is smaller, around 1:5 × 10−13 s, we Hnd a frequency
around 8 × 1012 Hz which is the lower limit of the high-frequency regime in the power
spectra (see Figs. 2(c) and (d) and 4(c) and (d)).
4. Conclusions
In this work we have performed the simulation of 3uid and solid states of argon using
a Lennard–Jones potential to describe atomic interactions. For all the simulated states
we performed an analysis of the time series of instantaneous temperature, potential
energy and pressure. The time series were obtained at densities varying from 0.2 up
to 1.4 and reduced temperatures T ∗ in the range [1.5 –2.5].
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Spectral analysis indicates a two-regime power-law behaviour for all time series, the
exponents being diIerent in the two regimes. For temperature we have a high-frequency
regime with a large exponent indicating strong memory eIects and a low-frequency
regime where the power-law exponent is smaller indicating rapid loss of memory. For
high frequencies, pressure behaves similarly. In contrast, at low frequencies, pressure
is characterized by exponents close to zero indicating a faster loss of memory. The
high-frequency exponents for all physical quantities studied are insensitive to the density variation while the low-frequency exponents become smaller as density increases.
As the system temperature increases the values of the power spectrum exponents are
in general smaller indicating that increasing temperature weakens memory eIects.
Hurst analysis also shows a two-regime behaviour consistent with the results obtained
from spectral analysis. At small time intervals we have strong persistence and at long
times memory is rapidly lost. Pressure loses memory faster than the temperature (and
potential energy) at long time intervals.
The mean square displacement results seem to conHrm the analysis and the characteristic times based on MSD calculation are found to be in agreement with the
characteristic times extracted from the spectral and Hurst analyses of the temperature
and pressure time-series.
It is of interest that the characteristic times of the system can be extracted from the
power spectrum behaviour of the studied time series and that several dynamic characteristics of the physical system are re3ected in both microscopic (potential energy)
and macroscopic quantities (temperature, pressure).
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