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This paper describes a hybrid boundary detection method that 
locates smooth boundaries in noisy images. The boundary estima- 
tion involves two steps. The first step identifies statistically homo- 
geneous regions and intermediate regions wherein boundaries lie. 
In the second step, boundaries are estimated using a linear recur- 
sive filter and statistical properties of the homogeneous regions. 
The boundaries are modeled by splme functions and the model is 
utilized in two different ways providing either an analytical de- 
scription of the boundary or individual boundary points. The 
method has been applied to a number of images and the results are 
very good. Q 1991 Academic Press, Inc. 

1. INTRODUCTION 

Determination of boundaries delimiting objects or parts 
of objects is recognized to be a crucial link between an 
image and its meaningful interpretation. Consequently, 
boundary detection has been the subject of extensive re- 
search endeavors. In this paper we propose a hybrid 
boundary detection method whose objective is to locate 
boundaries in noisy images based on statistical properties 
of adjacent regions. The problem of boundary detection 
is posed in the framework of estimation theory by: (1) 
formulating mathematical system models based on the 
assumed geometric boundary models, (2) utilizing statis- 
tical properties of the adjacent regions to develop linear 
measurement models, and (3) invoking a linear recursive 
filter (LRF) for boundary estimation. The spline-based 
boundary models, proposed in this paper, allow modeling 

of boundaries of arbitrary shapes, in contrast to other 
approaches, e.g., Refs. [l, 21. Spline-based models were 
used in [lo]; however, the objective of our approach is to 
detect boundaries between low contrast noisy regions or 
texture, that the energy minimization approach [lo] may 
not detect. In addition, to achieve fast processing we use 
LRF, thus making the method well suited for real time 
applications. More importantly, LRF provides, through 
the error covariance matrix, a direct measure of the un- 
certainty in the estimated boundary. 

The theoretical basis, implementation, and perfor- 
mance evaluation of the proposed boundary detection/ 
description method is presented in this paper. Section 2 
discusses the formulation of the problem of boundary 
estimation in the framework of linear recursive filtering. 
Section 3 details two approaches of utilizing the bound- 
ary model, while application issues and results are pre- 
sented in Section 4. 

2. PROBLEM FORMULATION 

The boundary estimation method described in this pa- 
per involves two steps. The first step identifies statisti- 
cally homogeneous regions, A and B, and the intermedi- 
ate region, W, hereafter called ambiguity zone (Fig. 1). 
This step reduces the problem of estimating a boundary 
between regions of unknown properties to the problem of 
boundary estimation between regions of known proper- 
ties. An approach to determining the ambiguity zone is 
detailed in [3] and an example of an ambiguity zone is 
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FIG. 1. 

a 

/>>i’ // / // // /p./,. ,/ / I/ + ‘ // ,, .;/ + ,, /// + 
If 
/,,/ + ,,// + /// ++ // / + + “’ + + // ,, ++ 

b 

9 

+ + + + + + + + + + + + I 
++++I++++++++++] 
+ + + + + t + 

+++++++ 
+++++++ 

+ + + + + + + 
+++++++ 

+ + + + + + + 
+ + + + + + + 

+++++++ 
+ + + + + + + 

+ + + + + + + 
+ + + + + + + 

C 

Ambiguity zone between statistically homogeneous regions: (a) original image, (b) rectangular ambiguity zone, (c) notation. 

shown in Fig. 1. The second step is the actual boundary By approximating a boundary in W by a spline function, 
estimation. The two-step processing is recognized to be a we formulate system and measurement models of the 
viable approach to difficult segmentation problems and form 
has been used in problems of texture segmentation, e.g., 
Ref. [6]. x/c+1 = @LX/~ + w/c, w  - NW, Q/J 

The objective of the boundary estimator is to deter- 
Zk = HkXk + vk vk - NW, Rk), 

(1) 

mine the boundary location based on noisy measure- 
ments performed in the ambiguity zone. In this work, where xk denotes the state vector, zk contains the noisy 
spline functions are used to approximate each boundary. measurements, and wk and vk are system and measure- 
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ment noise vectors, respectively. Different boundary ap- 
proximation models result in different system matrices, 
@, and measurement matrices, Hk. With Eqs. (1) at our 
disposal, LRF [9] is employed to estimate the state vec- 
tor & as described in [5]. 

3. FORMULATION OF MEASUREMENT AND 
SYSTEM MODELS 

In the following for simplicity, we present the measure- 
ment and system models for vertical boundaries. Bound- 
ary of any orientation can be treated using this formula- 
tion (except for a horizontal boundary, in which case it is 
necessary to incorporate rotation of the coordinate sys- 
tem by 90”). The measurement model relates the values 
of a property p in the statistically homogeneous regions A 
and B to the value of property p in the ambiguity zone, 
W, at y = const. The selection of an appropriate property 
p for specific families of images is discussed in Section 4. 
In essence, the measurement model replaces measure- 
ments of a particular boundary point coordinate (pi in 
Fig. 1) by measurements of a chosen property in regions 
A, B, W, or their parts. The formulation presented in this 
section is independent of the choice of property p as long 
as the assumption of linear dependence on the states [Eq. 
(I)] is satisfied. Assuming that pi, i.e., the value of prop- 
erty p in W at y = yi = const, is a linear combination of p. 
and pb, their relationship (see Fig. 1) is 

Y,-I - 

Yi 

yi+l 

h I h 

I 

h 

Yi 

FIG. 2. Complete cubic spline function f(y) interpolating g(y) at 
points Pi(yi, go, i = 1, 2, . . . , n + 1. Equidistant knots. 

pi = P&i + (6~ - pi)pb 

1, * 
(2) 

Multiple measurements are performed simultaneously 
in different regions of the ambiguity zone to ensure ob- 
servability of all states. In general, we consider m simul- 
taneous measurements performed along windows of di- 
mensions s x 1 centered in the y-direction at rj, j = 1, 
2 , m. In Sections 3.1 and 3.2, we formulate two 
system and measurement models of the form of Eq. (I), 
using the boundary model in two different ways. 

3.1. Global Boundary Estimator Based on Complete 
Cubic Splines 

Let g(y) denote the function to be approximated by 
a complete cubic spline on the interval (Y 5 y d /3. For 
the sequence of equidistant knots yi+i = (Y + ih, i = 0, 
1 * * 7 n and h = (/? - a)ln, denote the values of 
function g and its first derivative with respect to y at the 
jth knot by gj and gj’, respectively. Then, the cubic poly- 
nomial 

i= 1,2,. . . ,n 

approximates g in the ith interval (for details see [4, 111). 
In Eq. (3), 7 is a local coordinate for the ith interval (Fig. 
2) defined as r) = y - yi (0 5 71 5 h), 

a. . (q)  = (h -  7))3 -  h2(h -  q, oij _ v(h2 -  q2) o(i+,)j 

lJ 6h 6h 

+ *..h - q r) 
lJ h 

- + a(i+I)j x7 

bi&) = ch - ‘VI3 - h2(h - ‘I) u.l _ rl(h2 - q2) a(.+l), 
6h 1 6h ” 

and 

_ r)(h2 - v2) 
6h ~(i+l)(n+l), 

where [wij] = [Cl-‘[D], [oij] = [Cl-‘, 

C=lfjj6;;; i6jh, 
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-I 1 oo**.o 0 

l-2 lO***O 0 

D= I 0 1 -2 1 **a 0 0 1 l/h, 

L . . . . . . . . . 0 0 OO...l-1 1 

and 6ij is the Kronecker delta. Both C and D are non- 
singular, symmetric, tridiagonal, (n + 1) x (n + 1) matri- 
ces. It is noted that the cubic polynomialfi($ depends 
linearly on all function values gi and the slopes g; and 
gA+i at the extreme knots. The resulting complete cubic 
splines , f( y ) , approximating the function g ( y ) on [a, p] is 
given by 

f(Y) = $ &.fii(?l), (34 

where 6i = 1 if yi < y < yi+l, and 6i = 0 otherwise. 
The state vector in this formulation is chosen to be 

XT = kl, g2, . * * , g,+l, gi, d,+d. Consequently, the 
system matrix (Pk [Eq. (l)] becomes the (n + 3) x (n + 3) 
identify matrix. At y = jri = const the quantity (pi - ~b) is 
measured. For enhanced observability, IZ simultaneous 
measurements are performed. At the kth cycle of the 
filtering process, measurements of (pi - Pb) are per- 
formed at 7: = cx + k + (i - l)h, i = 1, 2, . . . , n, and 
arranged into a Column vector zk = [z!, z!, . . . , zk,lr. 
Based on Eqs. (2) and (3), (pi - pb) can be easily ex- 
pressed as a linear combination of the states and conse- 
quently, the measurement matrix Hk takes the form 

Hk = Pa - Pb 
Lv a21 a22 **- a2b+ 1) h h(n+ 1) 

. . . . . 

For large values of k, the filter [Eq. (l)] converges to the 
true state vector. This allows the global analytical de- 
scription of the boundary curve using Eqs. (3) and (3a). 

3.2. Boundary Point Estimator 

The objective of the boundary point estimator is to 
estimate positions of individual boundary points based on 
measurements performed in the ambiguity zone. In con- 
structing the mathematical model for the boundary point 
estimator the imposition of interpolation conditions is 
abandoned. Furthermore, in order to be able to satisfac- 
torily approximate boundaries with isolated discontinui- 
ties in their low-order derivatives, we have focused on 
spline approximations exhibiting good localization prop- 

erties [4, Ill. Here, we present the development of sys- 
tem and measurement models for a cubic spline (K = 3) 

with equidistant knots. The range of variable y is the 
interval [a, p]. We assume equidistant knots ti = to + ih, 
i=O,l,. . .( n, such that (Y = to and t, = /3 (Fig. 3). 
Introducing six extra knots outside the interval [a, p], 
three at each end, we obtain the augmented sequence of 
knots ti = to + ih, i = -3, -2, . . . , n + 3. On this knot 
sequence, we define (n + 3) B-splines of degree K using 

B;(y) = ‘5’ r’B’ &] (Y - Ij);p 
i=P 

i*j 
(4) 

p = -K, -K + 1, . . . , t2 - 1, 

where 

(y - tj)"+ = 

1 

b' - Q) 
K if Y 2 tj 

if y<tj. 

f 
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FIG. 3. Knot arrangement for the boundary point estimator. 
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For the special case of equidistant knots and K = 3 we and al = -6, a2 = 4, a3 = 8, a4 = i, a5 = -&. By ex- 
have panding vector f to 

B;(Y 1 
(10) 

- 4(Y - 1,+3>: + (Y - tp+4>:1, (5) 

p = -3, -2 
and introducing the square matrix, E, defined by 

9. * *, n - 1. 

By forming the vectors 
1 

1 
f = v(~o),f(tl), * * . ,m-IF, (6) E 

g = M-2), ?!A-11, * . * , &+2)lT, (7) E= 
1 

andevaluatingEq.(5)aty=t,,p=O,l,. . .,n-1,we 
obtain 

1 

1 

i = Eg, (8) Eq. (8) is rewritten as 

where E is an it x (n + 5) constant matrix defined by 
f = Eg. 

(11) 7 

(12) 

at a2 a3 a4 a5 ooo.**o Considering a set of points displaced by 6 pixels (relative 

0 al a2 a3 a4 a5 0 0 . * * 
t0 tiy i = -2, -1, . . . , 

p= 
0 

n + 2, see also Fig. 3) in the y- 
direction we can similarly write 

. . . . . . . . . . . . 

00.‘. 0 al a2 a3 a4 a5 0 fs = Fg, (13) 

(9) where F is an (n + 5) x (n + 5) matrix given by 

100 . . . . . . . . . . 0 

0 1 0 . . . . . . . . . . 0 

b, b2 b3 b4 bs bs 0 0 ’ . . * . 0 

0 b, b2 b3 bq bS b6 0 . * . . * 0 

F= . . . . . . . . . . . . . . 

(Jo.... - 0 b, b2 b3 b4 b5 bcj 

oo.... ~0000100 

00.. . . . . . . . 0 1 0 

00.. . . . . . . . 0 0 1 

(14) 

and fs = M-Z + 61, N-1 + a), . . . , f(tn+l + 81, 
f(tn+2 + s)]r. The elements of matrix F are b2 = 36h3 L [8(3h + 6)3 - 33(2h + tQ3 

+ 52(h + @3 - 38cS31, (16) 

b, = & [-(3h + Q3 + 4(2h + t!Q3 

- 6(h + @3 + 4a3], 

b3 = & [-(3h + S)3 + 12(2h + 8)3 

- 39(h + SY + 56a3], (17) 
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b4 =& [-(2/z + 8)3 + 12(h + ~3)~ - 39a31, (18) 

1 
by = 36h3 - [-(h + IS)~ + 12a3], 

and 

1 
b6 = - 3fjh’ - 63. 

Combining Eqs. (12) and (13) we obtain 

fs = @f, (21) 

where 

@ = FE-‘. (22) 

Equation (21) relates two sets of points on the boundary 
separated by distance 6 in the y-direction. 

The state vector, x, in this formulation is chosen to be 
equal to vector f defined in Eq. (10); i.e., the state vector 
contains the values of the approximating spline function 
attheknotstj,j=-2,-l,. . .,n+2.Ateachcycleof 
the filtering process, the knot sequence tj 7 j = - 3, -2, 
. . . , n + 3, is displaced by 6 pixels in the direction of 
increasingy. Then, in view of Eq. (21), Eq. (1) is satisfied 
at the kth step of the filtering process with xk = f, xk+i = 
f& and @k = @. 

For the boundary point estimator the measurable quan- 
tity used at y = jri = const is 

(23) 

At the kth cycle of the filtering process, measurements of 
q(y = 6) are performed for j = -2, - 1, . . . , IZ + 2 and 
arranged into a column vector tk = [z!~, zki, . . . ,Znt2. k ] 
Then, taking into account Eq. (2) and the definition of the 
state vector, Hk becomes the (n + 5) X (n + 5) identity 
matrix. It is noted that the data needed for measurements 
outside the interval [a, PI are generated by first reflecting 
the image about the lines parallel to thef-axis at locations 
(to,f(to)) and (t,, f(Q) and then reflecting the result about 
the lines parallel to the y-axis at locations (to, f(to)) and 
(L f (t*N. 

4. DISCUSSION AND RESULTS 

The boundary detection methods using the proposed 
models have been successfully applied to a number of 
images. The performance of the global boundary estima- 
tor, which provides a means of obtaining an analytic de- 
scription of smooth boundaries, is illustrated by the ex- 

amples shown in Figs. 4,6a, and 6~. The point estimator 
detects very accurately individual boundary points, as 
illustrated by the examples in Figs. 5, 6b, and 6d. The 
point estimator performs well on boundaries that have 
discontinuities in low order derivatives and corners. Ex- 
amples of its performance in such cases are discussed in 
PI. 

The correct choice of property p, Eqs. (2) and (23), is 
crucial for the success of the segmentation schemes de- 
scribed in Sections 2 and 3. It is necessary that the se- 
lected property allows differentiation between the re- 
gions involved. The results shown in this paper are 
obtained using region mean gray level. In this case, pa = 
p,, pb = pb, and pi = &, where ,u~ and pb denote region 

means for regions A and B, respectively, and EL, is the 
mean of the window s x 1 centered (in the y-direction) at 
y = yi in W. In this paper we use s = 1, and I= 1. When 
regions are not characterized by uniform intensity, the 
described formulations can be applied by using cooccur- 
rence matrices 171. Linear dependence on the states, re- 
quired by the measurement model [Eq. (l)], is achieved 
by using linear combinations of the elements of the cooc- 
currence matrix as described in [3]. 

Sensitivity analysis of the boundary estimators reveals 
that 

l The estimators are relatively insensitive to system 
modeling errors. This is attributed to the ability of spline 
functions to conform with the local behavior of the 
boundary curves. Furthermore, both estimators are 
found to be insensitive to errors in the initial state esti- 
mate x0. 

0 When determining smooth boundaries, the results 
are not significantly affected by the number of knots. 
Table 1 lists the mean square error as a function of num- 
ber of knots for the boundary geometry shown in Figs. 4 
and 5. The accuracy of the boundary approximation in- 
creases as the number of knots increases. 

l The state estimates are sensitive to the measurement 
error covariance matrix Rk. When considering uniform 
regions with noise of known standard deviation, the diag- 
onal elements of the Rk matrix can be calculated; other- 
wise, it is necessary to use a method for automatic noise 

TABLE 1 
Effects of Number of Knots on the Root Mean Square Error 
for the Geometry Shown in Figs. 4 and 5 (Noise-u = 40) 

n Global boundary estimator Boundary point estimator 

4 0.132 0.276 
6 8.99 x 10-Z 0.138 
8 7.20 x 10-Z 7.05 x 10-z 

10 6.97 x 10-Z 4.80 x lo-* 
12 5.83 x IO-2 4.23 x IO-* 
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n= 4. a=40 n=8, a=40 

a 
n = 12, d = 40 

72 = 10, u = 20 n = 10, u = 60 

b 

72 = 10, CT = 100 

FIG. 4. Global boundary estimator: (a) effects of number of knots, (b) effects of noise. 
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n=4, ~7~40 n = 8, u = 40 

a 

n = 12, (I = 40 

n = 10, @ = 20 n = 10, D = 60 

b 

FIG. 5. Boundary point estimator: (a) effects of number of knots, (b) effects of noise. 
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b 

a 

d 

FIG. 6. Application to real images: (a) global estimator applied to texture image, (b) point estimator applied to road image, (c)-(d) separation of 
object from the background in mammogram analysis, global and point estimators, respectively. 

estimation. In this work we have used the method’de- 
scribed in [12]. 

The proposed boundary estimators are capable of per- 
forming very well in the presence of noise as illustrated 
by Table 2 and Figs. 4b and 5b. In general, the root mean 
square error increases as the noise increases; however, 
very good results are obtained even in cases with high 
levels of noise as can be seen from Table 2. 

The proposed methods, besides detecting a boundary, 
also provide analytic boundary description, in contrast to 

TABLE 2 
Effects of Noise on the Root Mean Square Error for the 

Geometry Shown in Figs. 4 and 5 (Using n = 10) 

fT Global boundary estimator 

0 4.2 x lO-2 
20 5.98 x lo-? 
40 6.97 x 1O-2 
60 9.78 x IO-2 
80 0.124 

100 0.176 

Boundary point estimator 

1.78 x 10-7 
3.33 x 10-2 
4.80 x 10-2 
7.05 x 10-Z 

0.109 
0.161 
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typical edge detection methods. Moreover, they detect 
low contrast edges between noisy regions or texture re- 
gions, when using an appropriate measurement model. 
Utilization of LRF makes the methods well suited for real 
time applications and cases where available memory is 
limited; in addition, LRF provides an insight into the 
uncertainty of the obtained boundary through the estima- 
tion of the error covariance matrix. 

APPENDM: LIST OF SYMBOLS 

aijt hlv bi(n+l) 

ei, i = 1, 2, . . . , 6 
A(l)) 

Cubic polynomials in 7 (Section 3.1) 
See Eqs. (lS)-(20) 
Cubic polynomial approximating g in the ith 

interval [Eq. (3)] 
f  
g 
6 
h 

Spline function approximating function g 
Function defining the boundary curve 
dY,) 
Distance between knots in equidistant knot 

arrangement 
Widths of the homogeneous regions A and B 

aty = yi 
1, Width of the ambiguity zone at y  = yi 
n Number of segments in [o, p] 
Pm Pb Values of property p in regions A and B, 

respectively 
Pi Value of property p in the ambiguity zone, 

W, at y  = yi 
4 Measurable quantity used by the boundary 

point estimator 
tj,j=O, 1,. . . ,n Knot sequence for boundary point estima- 

tor 
Vk 

Wk 

xk 

Yj, j = 1, 2, . . . , n + 1 
yj, j = 1, . . . , n 
j$, i = 1, 2, . . . , n 

Measurement noise vector at step k 
System noise vector at step k 
State vector at step k 
Knot sequence for global estimator 
Locations of simultaneous measurements 
Positions of simultaneous measurements for 

A”, B 
Bj” 

C, D 
8, E, F 

fh 
NV, G) 

global estimator 
Measurement vector at step k 
Homogeneous regions 
jth B-spline of degree K 
Matrices (Section 3.1) 
Matrices (Section 3.2) 
Measurement matrix at step k 
Normal distribution with zero mean and co- 

Qk 
Rk 

variance matrix G 
System noise covariance matrix at step k 
Measurement noise covariance matrix at 

step k 
W Ambiguity zone 

Greek Symbols 

6 y  component of displacement for boundary 
point estimator 

8, Kroneckers delta 
? Local coordinate, r) = y  - yi, 0 5 r) 5 h 
K Degree of spline function 
t-h, pb> kv Region means for regions A, B, and W, re- 

Pi 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

spectively 
Boundary coordinate, local in W, at y  = yi 

(Fig. 1) 
Standard deviation of noise 
System matrix at step k 
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